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In this part of the lecture notes on securities trading we aim at the limiting
transition from a binary market of part I towards the Poisson market described
in Section 	 The conditions for this are formulated in Section �� and the results
in Section �	 The Poisson model describes the situation when the stock price
develops with sudden jumps of a constant amplitude at random instants	

�� Introduction

In this paper the material is used of the previous paper by Dzhaparidze
and Van Zuijlen ������� which is referred to below as part I� Most of this
material is presented in Section � in the form aimed at the limiting transition in
Section � towards the Poisson model �see Section � for details on this model��
The presentation in this paper is kept at the same low technical level as in
part I� A path by path approach pursued in these papers is based on certain
unsophisticated algebraic considerations� in contrast with the usual treatment
based on a probabilistic approach� namely on a martingale approach� cf� e�g�
Aase �	
���� Back �	

	�� Colwell� Elliott and Kopp �	

	�� F�ollmer
�	

	�� Harrison and Pliska �	
�	�� Page and Sanders �	
���� The results
obtained in this manner in Section � are of an heuristic nature� for the full
rigour would require higher technical level of the general theory of stochastic
processes� see e�g� Duffie and Protter �	

	� and the references therein� cf�
alsoWillinger and Taqqu �	
�� 	
�
� 	

	��

��



As in part I� it is assumed that in a securities market two assets� called the
bond and stock� are traded during the time interval ��� T �� New prices on both
assets are announced at certain �xed trading times� say t� � t� � � � � � tN
where t� � � is the current date and tN � T the terminal date� Thus the whole
time interval ��� T � is divided inN trading periods by a grid ft�� t�� � � � � tNg� It is
supposed throughout the present paper that the number N of the trading times
is very large� and possibilities are sought for approximating the option pricing
formulas of part I� To this end� we let N � �� We can expect in the limit
sensible results if only the grid ft�� t�� � � � � tNg of trading times becomes �ner
and �ner in the sense that the mesh size of the grid tends to zero asN �� �the
mesh size is the maximal length of the trading periods� and if the asset prices
are made dependent on the index N in a certain special manner� See Section
��	 for the conditions under which the Poisson approximation of the present
paper is obtained� Asymptotically� the cumulative return process on the bond is
assumed to increase with a constant interest rate� see ���	�	��� The asymptotics
of the returns on the stock is characterized by the displacements at certain
random instants� upwards with a constant amplitude or downwards with an
in�nitesimal amplitude� cf� ���	�	� or ���	�	��� To these displacements certain
weights are assigned �called as in part I risk neutral probabilities� cf� �����		�
and �����	��� so that under the conditions ��	�	 and ��	�� the approximation
�����	�� holds� �In the probabilistic interpretation� the upward displacements
become rare events�� This leads to the Poisson approximation of Section ��
In Section � the complete description of the Poisson model can be found

�or Merton�s model� as it is sometimes called� cf� Merton �	

���� The
price processes on the bond and the stock are given by ���	��� and ���	����
respectively �see ���	�	� and ���	��� for the corresponding returns�� As usual�
the self��nancing strategy is de�ned by the portfolio selection founded only
on an initial endowment so that all changes in the portfolio values are due to
capital gains during trading and no infusion or withdrawal of funds is allowed�
It is shown that the value process of a self��nancing strategy has the integral
representation and� moreover� Clark�s formula holds� cf� the propositions �����
and ����� in the binary case and the similar propositions ����	 and ����� in
the Poisson case �see Ocone and Karatzas �	

	� and Nualart �	

�� for
the genuine Clark formula�� Next� it is shown in proposition ����� that this
value process satis�es the di�erential equations �����	�� which play the same
r�ole in the Poisson case as equations �����	�� in the binary case� In particular�
they entail the completeness of a Poisson market� see proposition ������ The
hedging strategy against any desired wealth is explicitly de�ned by the portfolio
components �����
� and �����	�� in terms of the Poisson distribution ������� �in
fact� the right hand side of �����	�� is a certain conditional expectation�� This
gives rise to the term Poisson market� Finally� the option pricing formulas are
presented for a certain contingent claim �see �����	�� with a Poisson expectation
on the right hand side� and for the European call option in particular� see
proposition ������
The integral representations ������� and ������� mentioned above involve

��



the Riemann�Stieltjes integrals with respect to piecewise continuous functions�
Certain elementary facts concerning this kind of functions and respective inte�
grals are gathered in the next section�

	� Auxiliary results

���� Piecewise continuous functions

In the present paper the asset prices are supposed to evolve along piecewise
continuous trajectories in a time period ��� T �� Therefore we will need some
common facts concerning functions of this type� For the de�nitions below we
make use of the indicator function IT of a set T � ��� T � which is a function of
time t � ��� T � such that

IT �t� �
n
	 if t � T
� otherwise�

Let F be a function of the same argument t � ��� T �� discontinuous at certain
instants T�� � � � � Tn so that � � T� � � � � � Tn � T and continuous in�between�
Let be de�ned by means of certain continuous functions ffkgk���������n so that

���	�	� F �t� �

nX
k��

fk�t�I�Tk�Tk����t��

Here T� � � and Tn�� � T for convenience� Note that F is a right�continuous
function in the sense that by approaching an instant t � ��� T � from the right we
get lims�t F �s� � F �t�� With this function F another function F� is associated
by the following conventions� F���� � F ��� and F��t� � F �t�� 	 lims�t F �s�
for t � ��� T �� By continuity of the components ffkgk���������n we have

���	��� F��t� � f��t�I�T��T���t� �

nX
k��

fk�t�I�Tk�Tk����t��

Obviously� F� is a left�continuous function� We will write equally F �t� or Ft�
F �t�� or Ft�� for the notation with the variable as a subscript is more widely
used in stochastic calculus�
Further� the function �F of jumps of F is de�ned by �F � F � F�� In

view of ���	�	� and ���	���� �F takes on non�zero values only at the instants
of discontinuity T�� � � � � Tn when

���	��� �F �Tk� � fk�Tk�� fk���Tk�� k � 	� � � � � n�

���� Riemann�Stieltjes integrals

In the propositions ����� and ����	 integral representations are asserted� in terms
of Riemann�Stieltjes integrals with respect to piecewise continuous functions�
The de�nition of such integrals is as follows �see e�g� Shiryaev �	
���� Section
II���	�� for more details��
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Let H be another piecewise continuous function de�ned by

H�t� �
nX

k��

hk�t�I�Tk�Tk����t��

We de�ne the integral up to t � ��� T � of H� with respect to F � using two
alternative notations Z t

�

Hu�dFu � H� � Ft�

the latter being usual in stochastic calculus�
Let G be a function of the above type so that

G�t� �

nX
k��

gk�t�I�Tk �Tk����t�

where

gk�t� � gk�Tk� �

Z t

Tk

hk�u�dfk�u�

for t � �Tk� Tk���� with g���� � � and

gk�Tk� �
k��X
j��

Z Tj��

Tj

hj�u�dfj�u� �
kX

j��

hj���Tj��F �Tj�

for k � 	� � � � � n� In order to give a proper meaning to the integrals just
introduced� assume all ffkgk���������n to be of bounded variation� Though this
is truely super�uous� as in the present paper only continuously di�erentiable
functions fk will occur� with dfk�u� to be understood as f

�
k�u�du where f

�
k is

the derivative of fk�
The integral of H� with respect to F is now de�ned by the identity

G � H� � F�

Note that for k � 	� � � � � n and t � �Tk� Tk���

gk�t�� gk���Tk� � hk���Tk��F �Tk� �

Z t

Tk

hk�u�dfk�u��

Hence by ���	���

�����	� ��H� � F � � H��F�

In Section � the trajectories of price development are certain piecewise con�
stant functions� In this special case of F given by ���	�	� with the constant
components fk�t� 	 fk� it follows from �����	� that

������� H� � Ft �
X

u����t�

Hu��Fu�

��



���� Integration by parts

Integrals de�ned in the previous section allow for integrating by parts� for each
t � ��� T �

HtFt �H�F� � H� � Ft � F �Ht

with the second integral on the right hand side to be understood as

F �Ht � F� �Ht �
X

u����t�

�Hu�Fu

�see Shiryaev �	
���� Section II���		 for more details�� In the course of proving
proposition ����� we will use the following consequence for this integration by
parts formula�

Statement 	�
��� Let H �� F � and H ��� F �� be piecewise continuous functions
of the above type� The function

F � F �H � � F ��H ��

has integral representation

F � F� � H � � F � �H �� � F ��

if and only if
F �
� �H

� � F ��
� �H

�� � ��

���� Exponentials

The details on the material of present Section can be found in Shiryaev �	
����
Section II���	�� See also Jacod ������� Elliott �	
��� or Protter �	

���
Obviously� in case of a continuous function F of bounded variation the

solution of the integral equation

�����	� Ht � 	�H� � Ft

is uniquely de�ned by
Ht � eFt�F� �

In the another extreme case of a piecewise constant F

Ht �
Y

u����t�

�	 � �Fu��

In case of a piecewise continuous function F the above two cases are combined
in the solution

������� Ht � eFt�F�
Y

u����t�

�	 ��Fu�e
�	Fu �

�




In stochastic calculus the solution to �����	� is usually denoted by Ht � E�F �t
and called Dol�eans�Dade exponential �or stochastic exponential��
We apply ������� to the following special case� Let N � fNtgt����T � be

the so�called counting process with N �t� which counts the number of jumps
observed up to time t � ��� T �� By assumptionN ��� � �� FurtherN �t� � � if no
jumps occur up to time t and N �t� � k if and only if Tk � t for k � f	� � � � � ng�
Let

F �t� � a�N �t�� �t�

with certain positive numbers a and �� cf� ���	���� Then

�Ft �
n
a if t � fT�� � � � � Tng
� otherwise�

Hence �cf� ���	����
E�F �t � �	 � a�N �t�e�a�t�


� Binary market

���� Conditions on the bond and stock price processes

Consider a binary securities market in which the bond and stock are traded
during the time interval ��� T � which is divided in N trading periods by a grid
ft�� t�� � � � � tNg� Unlike in part I� the prices on the bond and stock announced
at the nth trading time tn with n � f�� 	� � � � � Ng are now denoted by BN

n

and SNn � respectively� in order to express the dependence on N � Moreover� the
corresponding price processes BN � fBN

t gt����T � and SN � fSNt gt����T � are
de�ned in the entire time interval ��� T � by

���	�	� BN �t� �

NX
n��

BN
n I�tn�tn����t�

and

���	��� SN �t� �

NX
n��

SNn I�tn�tn����t��

As in ���	�	�� an additional instant tN�� � T is introduced for convenience� Put
BN ��� � 	 and SN ��� � s for simplicity� where s is a certain positive number�
The discounted stock price process is denoted as in part I by �SN � f �SNt gt����T �
with

���	��� �SN�t� �
SN �t�

BN �t�
�

The bond is a riskless asset and the price process BN evolves along a pre�
scribed piecewise constant trajectory� while the stock is a risky asset and the
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price process SN is allowed to evolve along �N di�erent piecewise constant
trajectories� These trajectories are speci�ed by the binary transition scheme
of part I� Section ��	� They all start from the same �xed state s� the current
state of the stock price

s � sN�� � ��

Further� the whole price tree is uniquely determined by two o�springs at each
trading time� If at tn�� with n � 	� � � � � N the stock price was in state sNk�n���

then at the consecutive trading time tn it is announced either in state s
N

k�n or

sN
k���n with

sN
k�n � sN
k���n � ��

Hence if t � �tn� tn��� with some n � �� 	� � � � � N the stock price SN �t� may
occupy one of the states fsNk �t�gk�������
n with sNk �t� 	 sNkn� Note that by
de�nition �cf� ���	����

���	��� SN �t�� � sI�t��t���t� �

N��X
n��

SNn I�tn�tn����t��

During the �rst period �t�� t��� for instance� the stock price stays in the current
state s � �� At the terminal date tN � T the stock price SN �T � may occupy
one of �N states sNk �T � with some k � 	� � � � � �

N � In this case we also say that
the stock price evolves along the kth trajectory� In order to describe the stock
price development along this particular trajectory� we specify the stock price
state at each t � �tn� tn��� for n � 	� � � � � N by the identity sNkn�t� 	 sNkn�n where

kn � kn�k�N� is the smallest integer exceeding
k��

N�n � Cf� part I� de�nition

���	���� according to which

���	��� kn�k�N� � 	 �

�
k � 	

�N�n

�
�

Here and elswhere below the largest integer not exceeding a number x is denoted
by �x��
We shall now formulate the conditions of the present paper which restrict

the behaviour of asset prices in the market so as to allow for the limiting
transition in Section � when the number of trading periods N increases un�
boundedly while the length of each trading period� say �tn � tn � tn�� with
n � f	� � � � � Ng� tends to zero� For instance� think of the special case of mar�
kets where new prices are announced regularly so that the trading times are
equidistant� given by ���	�	� in Section �� and the corresponding mesh is given
by ���	���� In fact� all the entries ftjgj���������N in the N th grid depend on N
and one should write ftNj gj���������N instead� but for simplicity the upper index
is always suppressed�
Our conditions will be formulated in terms of returns on both assets� The

cumulative return process on the bond RN � fRN
t gt����T � is de�ned as the

	



sum of all previous returns� At the current date t� � � the return equals � by
convention and at t � ��� T � it equals

���	��� �RN �t� 	
�BN

t

BN
t�

�
BN
t

BN
t�

� 	�

So

���	�� RN �t� �
X

s����t�

�BN
u

BN
u�

�

Z t

�

dBN
s

BN
u�

and

���	��� BN �t� �
Y

u����t�

�	 � �RN
u � � E�RN �t�

see Section ����

Condition 
����� As N �� the increase of the return process on the bond
over each trading period becomes proportional to the length of this period� for
each n � 	� � � � � N

RN �tn��RN �tn���

tn � tn��
� r � �Nn �

where r � � is a positive constant� while �Nn is a negligible remainder term�

Obviously� condition ��	�	 means that the return on the bond at the trading
time tn with n � 	� � � � � N �when it is non�zero according to de�nition ���	����
is asymptotically proportional to the length of the preceding period�

���	�
� �RN �tn� � �r � �Nn ��tn 
 r�tn�

Here and elsewhere below the sign 
 indicates that the ratio of the two sides
tends to unity� In view of ���	��� � ���	���� we have for each t � ��� T � that

���	�	�� RN �t� 
 rt

and

���	�		� BN �t� 
 ert�

Indeed� by ���	�
�

logBN �t� 

X
k

log�	 � r�tk� 
 r
X
k

�tk

�



�here log�	 � x� 
 x is used� and

RN �t� 
 r
X
k

�tk 
 rt

where the summation extends over the lengths of all past periods up to time t�
The cumulative return process on the stock RN � fRN

t gt����T � is de�ned
similarly as the sum of all previous returns� At the current date t� � � the
return equals � and at t � ��� T � it equals

�RN�t� 	
�SNt
SNt�

�
SNt
SNt�

� 	�

So

RN �t� �

Z t

�

dSNu
SNu�

�
X

u����t�

�SNu
SNu�

and

���	�	�� SN �t� � sE�RN �t � s
Y

u����t�

�	 ��RN
u ��

analogously to ���	�� and ���	���� In part I� Section ���� we also introduced
the return process �RN � f �RN

t gt����T � by

�RN �t� �

Z t

�

d �SNu
�SNu�

�
X

u����t�

��SNu
�SNu�

�

with the discounted stock price process �SN de�ned by ���	���� Obviously�

�SN �t� � sE� �RN �t � s
Y

u����t�

�	 �� �RN
u ��

As was shown in part I� Section ���� at each t � ��� T �

���	�	�� � �RN�t� �
��SNt
�SNt�

�
�RN �t���RN �t�

	 ��RN �t�
�

We now formulate conditions on the behaviour of the returns f�RN�tn�gn�������N

in terms of their states

���	�	�� rNkn 	
sNkn

sNkn���n��

� 	� k � 	� � � � � �n�

where kn�� � kn���k� n� �
�
k��



�
� cf� ���	����

�



Condition 
���	� At the trading time tn with some n � 	� � � � � N the return
on the stock �RN �tn� is in one of the �

n states

���	�	�� rN
k�n � a� �N
k�n� k � 	� � � � � �n���

or

���	�	�� rN
k���n � ��b� �N
k���n��tn� k � 	� � � � � �n���

where a and b are some positive constants� while f�N
k�ngk�������
n�� and

f�N
k���ngk�������
n�� are negligible remainder terms as N ��� In fact b can be
negative but exceeding�r with r � � of condition ��	�	� to guarantee inequality
���	�	
� below�

Using the same sign 
 as above we may express ���	�	�� and ���	�	�� in the
following form

���	�	� rNkn 


�
a if k is even
�b�tn if k is odd�

If condition ��	�	 holds as well� then the states f�rNkngk�������
n of the discounted

return � �RN �tn� with n � f	� � � � � Ng are approximated as follows� Due to
���	�	�� it follows from ���	�	�� and ���	�	� that

���	�	�� �rNkn 


�
a if k is even
�a��tn if k is odd

where

���	�	
� � �
r � b

a
� �

is a parameter which later on will play the r�ole of the intensity of the Pois�
son distribution� cf� �������� Since the even state indices correspond to the
upward displacements� and the odd indices to the downward displacements�
the asymptotic relations ���	�	� and ���	�	�� tell us that for N su�ciently
large all the upward displacements are of the same order a � �� We call this
parameter a the amplitude of the upward displacements� On the other hand�
all the downward displacements are in�nitesimal� of magnitude �tn� More�
over� the range of the parameter b is restricted �see inequality ���	�	
�� so as
to guarantee the negative downward displacements of the discounted returns
in ���	�	��� This will allow us to assign the weights ��tn and 	� ��tn to the
upward and downward displacements� respectively� which may be interpreted
as risk neutral probabilities� see formula �����	�� and related comments� In the
probabilistic interpretation the upward displacements become rare events with
the probability of occurrence ��tn and this provides for the conditions under
which the Poisson approximation of Section � is valid�

�



Remark 
���
� In condition ��	�	 the remainder term �Nn is called negligible�
because it can be suppressed in the asymptotic relation ���	�
�� as well as in
its consequences ���	�	�� and ���	�		�� This is achieved� in particular� if

max
n�f������Ng

j�Nn j � �

as N � �� The negligibility of �Nn will be used several times below� see� for
instance� lemma ���� and formula ��������� The same applies to the remainder
terms f�N
k�ngk�������
n�� and f�N
k���ngk�������
n�� in condition ��	��� since they
are negligible in the asymptotic relation ���	�	� �cf� lemma ���� below� where
yet another set of negligible remainder terms �������� occurs�� For instance� let
f�N
k�ngk�������
n�� to satisfy

max
n�f������Ng

max
k�f������
n��

gj�N
k�nj � �

as N ���

���� Self��nancing strategies and value processes

Suppose that one invests an amount v � � in the two assets described in
Section ��	� Let  � and !� denote the number of shares of the bond and stock�
respectively� owned by the investor at the current date t� � �� Since B

N ��� � 	
and SN ��� � s� the investment equals

�����	� v �  � � s!��

Furthermore� let  N
n and !Nn denote the number of shares of the bond and

stock� respectively� owned by the investor at the consecutive trading times tn�
n � 	� � � � � N � The couple � N

n �!
N
n � is called the investor�s portfolio at time tn�

Observe that the components  N
n and !

N
n of a portfolio may become negative�

which has to be interpreted as short�selling the bond or stock�
Since the investor selects his portfolio at time tn with n � 	� � � � � N on the

basis of the history of the price development in the market� the number of
shares  N

n and !Nn of the bond and stock he owns at time tn may depend on
prices BN

� and SN� with 	 � n� but not on prices not yet announced� e�g� BN
n

and SNn � In particular
� ��!�� � � 

N
� �!

N
� ��

which means that the currently selected portfolio is kept unchanged during
the whole �rst period �t�� t��� Afterwords� just after the stock price S

N
� is

announced at time t� the portfolio turns into � 
N

 �!

N

 � and stays unchanged

during the whole period �t�� t
�� The investor proceeds further in the same
manner� selecting last time his portfolio � N

N �!
N
N � just after the announcement

of the stock price SNN�� at time t� and keeping it until the terminal date tN � T �
The process 
N � � N

t �!
N
t �t����T � with the bond and stock components

�������  N�t� �  N
� I�t��t���t� �

N��X
n��

 N
n��I�tn�tn����t�

�



and

������� !N �t� � !N� I�t��t���t� �
N��X
n��

!Nn��I�tn�tn����t�

is called a trading strategy� Note that the possible trajectories of both com�
ponents are piecewise constant functions of the same type as those of SN� �cf�
�������� ������� and ���	����� At each t � ��� T � the dependence of the portfolio
only on the past prices means that if t � �tn� tn��� and S

N �t�� is in state sNkn
for some n � �� 	� � � � � N � 	 and k � 	� � � � � �n� then � N

t �!
N
t � is in state

� N
n���s

N
kn��!

N
n���s

N
kn���

In stochastic calculus processes of this type are called simple predictable� cf�
Protter �	

��� p� ���
With each trading strategy 
N we associate the process

V N �
� � fV N
t �
�gt����T �

by
V N �t�
� �  N �t�BN �t� � !N �t�SN �t�

so that V N ���
� � v � �� cf� �����	�� This process is usually called the value
process for a trading strategy 
N � since V N �t�
� represents the market value of
the portfolio at time t held just before any changes are made in the portfolio� It
will be shown below that the value process V N �
� is of special structure when

N belongs to the following class of trading strategies�

Definition 
�	��� A trading strategy is said to be self��nancing if the con�
struction is founded only on the initial endowment so that all changes in the
portfolio values due to capital gains during trading and no infusion or with�
drawal of funds takes place� Then the corresponding portfolio satis�es the
condition� for all t � ��� T �

������� BN
� � N

t � SN� �!Nt � ��

The notion just introduced is of universal use whenever the integrals in �������
are well�de�ned� which in the present special case of piecewise constant portfolio
components ������� and ������� are particularly simple�

������� BN
� � N

t �
X

u����t�

BN
u�� 

N
u

and

������� SN� � !Nt �
X

u����t�

SNu��!
N
u �

�



cf� �������� Hence ������� is equivalent to

������ BN
�� 

N � SN��!
N � ��

Using the integrating by parts formula of Section ���� we obtain exactly in
the same manner as in part I� Section ���� the following characterization of
self��nancing strategies�

Proposition 
�	�	� A trading strategy 
N is self��nancing if and only if its
discounted value process �V N �
� � f �V N

t �
�gt����T � admits the following integral
representation	 at each t � ��� T �

������� �V N �t�
� � v �!N � �SNt �

Proof� In view of ������� � ������� the integral representation ������� follows
by the same arguments as in part I� proposition ����	� But it is valid also in
general whenever the integrals are well�de�ned and statement ����	 holds� This
is easily seen by taking into consideration that ������� is equivalent to

 N
t � � � �S

N
� � !Nt � ��

�

Remark 
�	�
� It is important to notice that the value process for a self�
�nancing strategy is a process of the same type as the stock price process�
since it evolves along one of �N piecewise constant trajectories� In fact

�V N �t�
� �

NX
n��

�V N
n �
�I�tn�tn����t�

where �V N
n �
� may occupy one of the states

�����
� �vNkn�
� � v �

nX
���

!N� �s
N
k����������s

N
k� �� � �s

N
k��������

with k � 	� � � � � �n� cf� part I� remark ������ Recall that k� � k��k� n� is given
by ���	����

Remark 
�	��� Suppose that currently an amount �����	� is invested by se�
lecting the portfolio � ��!�� which afterwards is kept unchanged� Clearly�
this particular strategy of keeping the constant portfolio � N

t �!
N
t � 	 � ��!��

all the time t � ��� T � is self��nancing � this needs no infusion or withdrawal
of funds �both terms on the left�hand side of ������ equal ��� The integral
representation ������� gives

�V N�t�
� � v � !�� �S
N �t�� s��

In the trivial case � ��!�� � ��� 	� this reduces to the identity V
N �
� 	 SN �





In order to rewrite the integral representation ������� in the form of Clark�s
formula �cf� part I� Section ����� de�ne the di�erence operator D in the state
space that is applied to the stock price process SN according to the following
de�nition �cf� part I� de�nition ����	��

Definition 
�	�� The process DSN � fDSNt gt����T � is de�ned by

DSN �t� � DSN� I�t��t���t� �

N��X
n��

DSNn��I�tn�tn����t�

which is of the same type as SN �t��� cf� ���	���� Its states are de�ned condi�
tionally on those of SN �t��� if SN �t�� is in state sNkn with some k � 	� � � � � �

n�
i�e� t � �tn� tn��� according to ���	���� then DSN �t� is in the same state as
DSNn�� which is s

N

k�n�� � sN
k���n�� � �� Taking into consideration remark

������ de�ne similarly

DV N �t�
� � DV N
� �
�I�t� �t���t� �

N��X
n��

DV N
n���
�I�tn�tn����t�

which is in state vN
k�n���
� � vN
k���n���
�� provided S
N�t�� is in state sNkn�

Introduce �nally

�����	��
DV N �t�
�

DSN�t�
�
DV N

� �
�

DSN�
I�t��t���t� �

N��X
n��

DV N
n���
�

DSNn��

I�tn�tn����t��

The results similar to proposition ����	 and corollary ����� in part I are now
formulated as follows�

Proposition 
�	��� Under the self��nancing condition ������� the stock com�
ponent of the portfolio is given by �����	��� for each t � ��� T �

!N �t� �
DV N �t�
�

DSN �t�

and therefore the integral representation ������� takes the form

�V N �t�
� � v �
DV N �
�

DSN
� �SNt �

In the sequel we focus our attention on markets excluding arbitrage opportu�
nities �see part I� Section �� in which

�sN
k���n � �s
N
k�n�� � �s

N

k�n

for each n � 	� � � � � N and k � 	� � � � � �n��� This means that the numerical
values of

�����		� pN
k�n �
�sNk�n�� � �s

N

k���n

�sN
k�n � �s
N

k���n

�



and

�����	�� pN
k���n �
�sN
k�n � �s

N
k�n��

�sN
k�n � �s
N

k���n

are positive and satisfy

�����	�� pN
k�n � pN
k���n � 	�

As is easily seen �cf� part I� Section ����� in this case every state sNk�n�� at
trading time tn�� is expressed as a convex combination of two alternative states
�sN
k���n and �s

N

k�n at the next trading time tn� i�e�

�����	�� �sNk�n�� � pN
k�n�s
N

k�n � pN
k���n�s

N

k���n�

By these considerations the numerical values of pN
k�n and p
N

k���n are called in

part I the risk neutral probabilities� see part I� remark ����	� It is easily veri�ed
that in terms of the states of the discounted returns ���	�	��� relation �����	��
turns into

�����	�� � � pN
k�n�r
N

k�n � pN
k���n�r

N

k���n

which means that the weights �����		� and �����	�� with property �����	�� are
chosen so as to neutralize the upward displacements in the discounted returns
by the downward displacements �corresponding to the even and odd space
indices� respectively�� The identity �����	�� is easily derived�

� � pN
k�n
�
�sN
k�n � �s

N
k�n��

�
� pN
k���n

�
�sN
k���n � �s

N
k�n��

�
� pN
k�n

�
rN
k�n ��R

N �tn�
�
� pN
k���n

�
rN
k���n ��R

N �tn�
�

� pN
k�n�r
N

k�n � pN
k���n�r

N

k���n

Furthermore� it is shown in part I� proposition ����	� that the relations �����	��
extend to the states �����
� of the value process V N �
� for any self��nancing
strategy 
N � for n � 	� � � � � N and k � 	� � � � � �n�� we also have

�����	�� �vNk�n���
� � pN
k�n�v
N

k�n�
� � pN
k���n�v

N

k���n�
��

Note that �����	�� reduces to �����	�� in the trivial case of remark ����� when
only one share of the stock is kept all the time� Similarly� the relations of part
I� corollary ������

�����	� pN
k�n �
�vNk�n���
�� �v

N

k���n�
�

�vN
k�n�
�� �v
N

k���n�
�

and

pN
k���n �
�vN
k�n�
�� �v

N
k�n���
�

�vN
k�n�
� � �v
N

k���n�
�






reduce in this special case to �����		� and �����	���
It will be shown next that under the conditions ��	�	 and ��	�� we have the

following approximation to the risk neutral probabilities� for each n � 	� � � � � N
and k � 	� � � � � �n��

�����	�� pN
k�n 
 ��tn�

By ���	�	
� the intensity � is positive so that the expression on the right hand
side of �����	�� may be interpreted as the risk neutral probability of the upward
displacements� We have already mentioned this at the end of the previous
section� By ���	�	�� and �����	��

pN
k�n�r
N

k�n � pN
k���n�r

N

k���n 
 a��tn � �	� ��tn���a��tn� � a���tn�


�

which is of a lower magnitude than �����	��� Clearly� this meets �����	��� with
� on the left hand side� Thus the approximation �����	�� ensures that the
contribution of the approximate upward displacements in ���	�	�� is neutralized
by the contribution of the downward displacements�

Lemma 
�	��� Under the conditions ��	�	 and ��	�� we have for each n �
	� � � � � N that

�����	
� pN
k�n � ��� �N
k�n��tn� k � 	� � � � � �n���

with negligible remainder terms f�N
k�ngk�������
n�� �

Proof� It will be shown that with the notations of the conditions ��	�	 and
��	��

�������� �N
k�n �
�Nn � �N
k���n

rN
k�n � rN
k���n

� �
�N
k�n � rN
k���n

rN
k�n � rN
k���n

�

which is indeed negligible under these conditions �cf� remark ��	���� To this
end� we �rst rewrite �����	
� in terms of the returns on both assets� By ���	����
���	��� and ���	�	��

pN
k�n �
�RN �tn�� rN
k���n

rN
k�n � rN
k���n

�

Due to ���	�
�� ���	�	�� and ���	�	��� it follows from the latter equality that

pN
k�n � ��tn

�tn
�

�Nn � �N
k���n

rN
k�n � rN
k���n

� �
�N
k�n � �b� �N
k���n��tn

rN
k�n � rN
k���n

�

Compare this with �����	
�� It is easily seen that �������� holds� �

��



The approximate relations �������� asserted in the next proposition� may be
viewed as a prelimiting version of equations �����	�� for the Poisson model to
be discussed in Section ��

Proposition 
�	��� Let 
N be a self��nancing strategy and �V N �
� its dis�
counted value process�

Then for each n � 	� � � � � N the states f�vNkn�
�gk�������
n given by �����
��
satisfy the following identities	

������	�
�vN
k���n�
�� �v

N
k�n���
�

tn � tn��
� ���� �N
k�n���v

N

k�n�
�� �v

N

k���n�
��

with � and f�N
k�ngk�������
n�� given by ���	�	
� and ��������� respectively� If

moreover
 the conditions ��	�	 and ��	�� hold
 then

��������
�vN
k���n�
�� �v

N
k�n���
�

tn � tn��

 ����vN
k�n�
�� �v

N

k���n�
���

Remark 
�	��� It is easily veri�ed that the equations ������	� and ��������
take the following undiscounted form�

��������

vN�k���n����v
N
k�n�����

tn�tn��
� �r � �Nn �v

N
k�n���
�

� ���� �N
k�n��v
N

k�n�
�� vN
k���n�
��

and

��������
vN
k���n�
� � vNk�n���
�

tn � tn��
� rvNk�n���
� 
 ���vN
k�n�
� � vN
k���n�
���

Proof� We prove at once the undiscounted equations �������� and ���������
departing from the following undiscounted version of equation �����	��

pN
k�n �
�	 ��RN �tn��v

N
k�n���
�� vN
k���n�
�

vN
k�n�
� � vN
k���n�
�
�

see ���	��� for the de�nition of �RN � By �����	
�

�	 ��RN �tn��v
N
k�n���
� � vN
k���n�
�

vN
k�n�
� � vN
k���n�
�
� ��� �N
k�n��tn�

Due to ���	�
�� this is equivalent to

vNk�n���
�� vN
k���n�
� � �r � �Nn �v
N
k�n���
��tn

� �vN
k�n�
�� vN
k���n�
���� � �N
k�n��tn

which yields ��������� In conclusion� �������� implies ��������� since �Nn and
f�N
k�ngk�������
n�� are negligible remainder terms� �

�	



���� Completeness
 hedging strategy and option valuation

Given the states of the discounted stock price over the entire trading period
��� T �� the risk neutral probabilities fpNkngk�������
n are determined by �����		�
and �����	��� For each �xed n � f	� � � � � Ng and k � f	� � � � � �Ng� we de�ne

�����	� PN
nj��k� � pNk������� � � � p

N
kn�n� 	 � �� 	� � � � � n� 	�

where k� � k��k� n� is given by ���	���� Put P
N
njn�k� 	 	 for convenience�

Denote PN
kn � PN

nj��k� so that

������� PN
kn � pNk��� � � � p

N
kn�n�

Note that pNkn � PN
njn���k�� We usually write P

N
kN � PN

k �T �� We use these

notations to describe the solution of the system of recurrent equations �cf�
�����	�� and �����	���

������� �xk�n�� � pN
k�n�x
k�n � pN
k���n�x
k���n

for n � 	� � � � � N and k � 	� � � � � �n��� subject to the boundary conditions

������� �xkN � �wN
k �T �� k � 	� � � � � �N �

with given numbers f �wN
k �T �gk�������
N � They are assumed to be given in the

form

�wN
k �T � �

W �sNk �T ��

BN �T �
�

For n � �� 	� � � � � N the solutions f�xk�N�ngk�������
N�n of these equations are
obtained by

������� �xk�N�n �
X


n�k����j�
nk

PN
NjN�n�j� �w

N
j �T ��

In particular

������� x�� �


NX
j��

PN
j �T � �w

N
j �T ��

In the trivial case of W �x� � x the boundary conditions are

�xkN � �s
N
k �T �� k � 	� � � � � �N

��



�cf� �������� and the solutions ������� and ������� reduce to

������ �sk�N�n �
X


n�k����j�
nk

PN
NjN�n�j��s

N
j �T �

and

������� s �


NX
j��

PN
j �T ��s

N
j �T ��

A similar relationship is satis�ed by the states of a value process for a self�
�nancing strategy �cf� �����	���� and this results in the completeness of a binary
market in the sense to be described next�
Under the circumstances of Section ��	� consider an investor who is willing

to invest now �at t � �� in the bond and the stock in order to attain at
the terminal date T a certain wealth� say WN �T �� by trading over N periods
without infusion or withdrawal of funds� Knowing the conditions in the market�
i�e� knowing the �N possible trajectories of the stock price development up to
the terminal date T �which correspond as usual to the states fsNk �T �gk�������
N

of the stock price SN�T ��� the investor determines the wealth he desires to
attain at the terminal date T by evaluating each of these possibilities� In this
way WN �T � is interpreted as a variable which is in one of the �N possible
states� in state wN

k �T � say� if the stock price is in state s
N
k �T �� In other

words� WN �T � is a certain function of SN�T �� say WN �T � � W �SN �T �� and
wN
k �T � �W �sNk �T �� for k � 	� � � � � �

N �

Definition 
�
��� A binary market is complete if any desired wealth WN �T �
of the above type is attainable with a certain initial endowment� there is a
self��nancing strategy 
N whose value process at the terminal date attains
the identity V N �T �
� � WN�T �� The necessary initial endowment is then
v � V N ���
��

As is shown in part I� proposition ������ the present market is indeed com�
plete and� moreover� there exists a unique strategy� called the hedging strategy
against WN �T �� which attains this wealth� In part I� Section ���� one can �nd
the detailed construction of such strategy� Here we only note that the proce�
dure is based on the solution of the equations �������� subject to the boundary
conditions ������� with the states of the discounted desired wealth on the right
hand side� If �WN

n is a variable with the possible states f �wN
kngk�������
n which

are identi�ed with the solutions ������� �so that �xkn � �wN
kn�� then a process

�WN � f �WN
t gt����T � is formed by

�WN �t� �

NX
n��

�WN
n I�tn�tn����t��

Obviously� at the terminal date T this process attains the desired wealth� Ac�
cording to ������� and �������� it starts from

��



�����
� wN
�� �


NX
j��

PN
j �T � �w

N
j �T �

and then� for n � 	� � � � � N �

�����	�� �wN
kn �

X

N�n�k����j�
N�nk

PN
N jn�j� �w

N
j �T �� k � 	� � � � � �n�

The hedging strategy against �WN �T � is then a unique strategy 
N whose value
process V N �
� coincides with the process WN formed above�
In part I� Section �� formula �����
� is applied to the following problem of

option pricing� Suppose that today� at time t � �� we are going to sign a
contract that gives us the right to buy one share of a stock at a speci�ed price
K� called the exercise price� and at a speci�ed time T � called the maturity
or expiration time� If the stock price SN �T � is below the exercise price� i�e�
SN �T � � K� then the contract is worthless to us� On the other hand� if
SN �T � � K� we can exercise our option� we can buy one share of the stock
at the �xed price K and then sell it immediately in the market for the price
SN �T �� Thus this option� called the European call option� yields a pro�t at
maturity T equal to

�����		� maxf�� SN�T ��Kg � �SN �T ��K���

The function �����		� of the stock price SN�T � is called the payo� function
for the European call option� A contract with some �xed payo� function
HN �T � � H�SN�T ��� where HN �T � is a nonnegative variable with possible
states H�sNk �T �� �not necessarily of form �����		�� is called a contingent claim�
The European call option is thus a special contingent claim with payo� �����		��
Now� how much would we be willing to pay at time t � � for a ticket which

gives the right to buy at maturity t � T one share of stock with exercise price
K" To put this in another way� what is a fair price to pay at time t � � for
the ticket" In order to determine the �re price of a contingent claim� consider
the following procedure�
�i� construct the hedging strategy against the contingent claim in question�

which duplicates the payo��
�ii� determine the initial wealth needed for construction in �i��
�iii� equate this initial wealth to the fair price of the contingent claim�

In other words� construct the hedging strategy 
N against the contingent claim
with a payo� function HN �T �� whose value process V N �
� coincides with a pro�
cess that is obtained exactly in the same manner as the process �WN by solving
the equations �������� but now subject to the boundary conditions ������� with

��



�hNk �T � �
H�sNk �T ��

BN �T �

instead of �wN
k �T �� This strategy indeed duplicates the payo�� It requires the

initial wealth that yields the fair price CN � C�HN � of the contingent claim
with the payo� function HN�T �� which amounts to

C�HN � �

NX
j��

PN
j �T �

�hNj �T ��

The European call option �����		�� in particular� has a special payo� function
depending only on the stock price at maturity tN � T and its fair price is

�����	�� CN �


NX
j��

PN
j �T ���s

N
j �T �� �K���

�� Poisson market

���� Asset pricing

In this Section we consider the limiting model for a securities market� According
to ���	�	�� and ���	�		�� the model for the bond is de�ned by the linear return
process R� � fR�

t gt����T � with

���	�	� R�
t � rt

and the exponential price process B� � fB�
t gt����T � with

���	��� B�
t � ert�

where r � � is a riskless interest rate on the bond� Note that B� � E�R�� in
the sense of Section ����
The stock is again a risky asset and its return process R� � fR�t gt����T �

may jump unexpectedly at certain instants� Let m be a number of jumps� a
nonnegative integer equal zero if no jumps occur� Otherwise� if m � � jumps
occur� we denote by T�� � � � � Tm the consecutive instants� We assume Tk � Tk��

for all k � �� 	� � � � �m by adding T� � � and Tm�� � T for convenience� Thus
�R��t� � � for all t � ��� T � except for

�R��Tk� � a � �� k � 	� � � � �m�

In order to describe cumulative return process R� we de�ne the so�called count�
ing process N � fNtgt����T � with N �t� which counts the number of jumps ob�
served up to time t � ��� T �� By assumption N ��� � �� Further N �t� � � if no

��



jumps occur up to time t and N �t� � k if Tk � t for k � f	� � � � �mg� In par�
ticular N �T � � m� We de�ne next the limiting return process R� on the stock
in accordance with the right�hand side of ���	�	�� the cumulative e�ect on
the upward displacement yields aN �t� and that of the downward displacement
yields �bt� This leads to the model

���	��� R��t� � aN �t� � bt�

Consequently� the price process on the stock S� � fS�t gt����T � is now de�ned
by

���	���
S��t� � sE�R��t

� s�	 � a�N �t�e�bt

�cf� Section ���� where s � � is a �xed current price on the stock S���� � s�
By ���	��� and ���	��� the discounted stock price process is de�ned by

���	���

�S��t� 	 S��t�
B��t�

� s�	 � a�N �t�e�a�t

and the corresponding return process �R� � f �R�t gt����T � by

���	��� �R��t� � a�N �t�� �t��

cf� ���	�	��� The relation �S� � sE� �R�� is obtained in Section ����
The price process on the stock may be presented alternatively by introduc�

ing the state s�k�t� of this process in the interval �Tk� Tk���� k � �� 	� � � � �m� By
���	���

���	�� s�k�t� � s�	 � a�ke�bt

�note that in the present case no distinction is needed between states of the
stock price and their numerical values� due to one to one correspondence� and
at each t � ��� T �

S��t� �

mX
k��

s�k�t�I�Tk �Tk����t��

Similarly�

��



���	��� �S��t� �

mX
k��

�s�k�t�I�Tk�Tk����t�

with the states

���	�
� �s�k�t� � s�	 � a�ke�a�t

in the interval �Tk� Tk���� k � �� 	� � � � �m�
Analogously to ���	���

���	�	�� S��t�� � s���t�I���T� ��t� �

mX
k��

s�k�t�I�Tk�Tk����t��

Suppose that S��t�� is in state s�k�t�� Then at time t the stock price either
stays in state s�k�t� or jump to state s

�
k���t�� This observation leads to the

following de�nition of the di�erence operator DS��t� in the state space of the
present market� if S��t�� is in state s�k�t�� then DS

��t� in the state

���	�		� Dk�S
�
t � � s�k�t�� s�k���t��

Hence

Definition ������ The process DS� � fDS�t gt����T � is de�ned by

���	�	�� DS��t� � D��S
�
t �I���T���t� �

mX
k��

Dk���S
�
t �I�Tk�Tk����t�

with the states given by ���	�		�� The process D �S� � fD �S�t gt����T � is de�ned
similarly so that

D �S��t� �
DS��t�

B��t�
�

Proposition ����	� The states ���	�� and ���	�
� of the stock price process
and its discounted version satisfy the following di�erential equations	

���	�	��
ds�k�t�

dt
� rs�k�t� � ��Dk���S

�
t �� t � �Tk� Tk����

and

�



���	�	��
d�s�k�t�

dt
� ��Dk��� �S

�
t �� t � �Tk� Tk����

Proof� By ���	�� it follows from ���	�		� that

Dk�S
�
t � � as�	 � a�k��e�bt � as�k���t��

Therefore� by di�erentiating both sides of ���	�� we get

ds�k�t�

dt
� rs�k�t� � ��r � b�s�k�t� � ��as�k�t� � ��Dk���S

�
t ��

which yields ���	�	��� By de�nition ���	�	��� equation ���	�	�� follows from
���	�	��� The proof is complete� �

���� Self��nancing strategies

Consider an investor who invests an amount v � � in the present market
and then follows a trading strategy 
 � � �!� with portfolio components
 � f tgt����T � and ! � f!tgt����T � which yield the value process V

��
� �
 B� �!S� de�ned at t � ��� T � by

�����	� V ��t�
� �  �t�B��t� � !�t�S��t��

Clearly� the initial condition is

v � V ����
� �  ���B���� � !���S�����

Since between two consecutive jumps the stock price process evolve smoothly�
the investor selects both components as piecewise continuous functions of type

�������  �t� � ���t�I���T� ��t� �

mX
k��

�k���t�I�Tk �Tk����t�

and

������� !�t� � ���t�I���T���t� �

mX
k��

�k���t�I�Tk�Tk����t��

where �k and �k are continuously di�erentiable functions with  ��� � �����
and !��� � ������
According to de�nition ����	� a trading strategy 
 � � �!� is self��nancing

if for each t � ��� T �

��



������� B�
� � t � S�� �!t � �

In the present case proposition ����� may be reformulated as follows�

Proposition ��	��� A trading strategy 
 is self��nancing if and only if its
discounted value process �V ��
� � f �V �

t �
�gt����T � admits the following integral
representation	 at each t � ��� T �

������� �V ��t�
� � v �! � �S�t �

It is important to notice that the process �V ��
� for a self��nancing strategy 

is of the same type as the stock price process� since at each t � ��� T � it may be
represented similarly to ���	��� as follows�

�V ��t�
� �

mX
k��

�v�k�t�
�I�Tk�Tk����t��

In view of de�nitions in Section ���� the states f�v�k�t�
�gk���������m at t �
�Tk� Tk��� satisfy

������� �v�k�t� 
�� �v
�
k�Tk�
� �

Z t

Tk

�k���u�d�s
�
k�u�

with �v���T��
� � v and

�v�k�Tk�
� � v �

kX
j��

	Z Tj

Tj��

�j�u�d�s
�
j���u� � �j�Tj�

�
�s�j �Tj�� �s

�
j���Tj�

�

�

Note that �s�j �Tj�� �s
�
j���Tj� � Dj� �S

�
Tj
�� cf� ���	�		��

Arguing as before� we de�ne DV ��t�
� as follows� Suppose that S��t�� is
in state s�k�t�� Then V ��t��
� is in state v�k�t�
� and at time t the process
V ��
� either stays in state v�k�t�
� or jump to state v

�
k���t�
�� Therefore the

corresponding state Dk�V
�
t �
�� of DV

��t�
� is de�ned by

������ Dk�V
�
t �
�� � v�k�t�
� � v�k���t�
��

Hence

Definition ��	�	� The process DV ��
� � fDV �
t �
�gt����T � is de�ned by

DV ��t�
� � D��V
�
t �
��I���T� ��t� �

mX
k��

Dk���V
�
t �
��I�Tk �Tk����t�

�




where Dk�V
�
t �
�� is given by ������� Obviously� D

�V ��
� � DV ��
�B�� De�
�ne �nally the process DV ��
�DS� by

DV ��t�
�

DS��t�
�
D��V

�
t �
��

D��S�t �
I���T���t� �

mX
k��

Dk���V
�
t �
��

Dk���S�t �
I�Tk�Tk����t��

In the next proposition Clark�s formula �����
� is obtained�

Proposition ��	�	� Under the self��nancing condition ������� the stock com�
ponent of the portfolio is given by

������� !�t� �
DV ��t�
�

DS��t�
�

Therefore the integral representation ������� takes the form

�����
� �V ��t�
� � v �
DV ��
�

DS�
� �S�t �

Proof� It su�ces to prove �������� So� it is needed to verify that if S��t�� is
in state s�k�t�� i�e� t � �Tk� Tk���� then

�����	�� Dk�V
�
t �
�� � �k�t�Dk�S

�
t ��

But if t � �Tk� Tk���� then in view of �����	� we either have

v�k�t�
� � �k�t�e
rt � �k�t�s

�
k�t�

or
v�k���t�
� � �k�t�e

rt � �k�t�s
�
k���t��

These identities imply �����	��� The proof is complete� �

It will be proved in the next proposition that the value process for a self�
�nancing strategy satis�es di�erential equations �����		�� similar to ���	�	���
Note that the discounted versions of these equations ���	�	�� and �����	�� play
in the present market the same r�ole as the equations �����	�� and �����	�� in
the binary market�

Proposition ��	�
� Under the self��nancing condition ������� the states of
the value process and its discounted version satisfy the following di�erential
equations	 at t � �Tk� Tk���

�����		�
dv�k�t�
�

dt
� rv�k�t� � ��Dk���V

�
t �
��

and

�����	��
d�v�k�t��
�

dt
� ��Dk��� �V

�
t �
���


�



Proof� By �������
d�v�k�t�
�

dt
� �k���t�

d�s�k�t�

dt
�

so that �����	�� follows from ���	�	�� and �����	��� The equivalence of �����		�
and �����	�� is straightforward� The proof is complete� �

���� Hedging strategies

Let t � ��� T �� Consider the system of di�erential equations

�����	�
d�xk�t�

dt
� �� ��xk���t�� �xk�t�� � k � �� 	� � � � �

subject to the boundary conditions

������� �xk�T � � �hk�T �� k � �� 	� � � � �

with given numbers f�hk�T �gk��������� The parameter � � � is the same as
above� cf� ���	�	�� or �����	���
The explicit solution of this system is expressed in terms of so�called Poisson

distribution with the intensity �� de�ned by P� � fpj���gj�������� with

������� pj��� �
�j

j#
e���

The positive numbers ������� sum up to 	� so that P� is a probability dis�
tribution� Note that de�nition ������� extends to � � � as follows�

������� p���� � 	 and pj��� � � for j � 	� �� � � �

The following property of the Poisson distribution is well�known�

Lemma ��
��� At each t � ��� T � the Poisson distribution Pt� � fpj�t��gj��������

de�ned by ������� satis�es the following system of di�erential equations

dpj�t��

dt
� ���pj�t�� � pj���t���� j � �� 	� � � �

with p���t�� 	 � and the initial conditions ��������

Proof� This is easily veri�ed by the direct di�erentiation of �������� �

For more details see� e�g� Feller �	
	�� vol� 	� Section 	��� or Cox and
Miller �	
���� Section ��	� Lemma ����	 allows for the following explicit
solution of the system of equations �����	��


	



Proposition ��
�	� The system �����	� of di�erential equations in the interval
t � ��� T �
 subject to the boundary conditions �������� is satis�ed by

������� �xk�t� �

	X
j��

pj���T � t���hk�j�T �� k � �� 	� � � �

provided that the numbers f�hk�T �gk�������� allow the di�erentiation under the
summation sign� In particular

������� �x���� �

	X
j��

pj��T ��hj�T ��

Proof� The boundary conditions ������� are satis�ed due to property ������� of
the Poisson distribution� Di�erentiating both sides of ������� we get by lemma
����	 that

d�xk�t�

dt
� ��

nP	
j�� pj�����T � t���hk�j�T ��

P	
j�� pj���T � t���hk�j�T �

o
� �� ��xk���t�� �xk�t�� �

This yields �����	�� The proof is complete� �

By comparing ���	�	�� and �����	� we see that the states ���	�
� of the dis�
counted stock price process �S� satisfy the relations

������ �s�k�t� �

	X
j��

pj���T � t���s�k�j �T ��

In particular

������� s �

	X
j��

pj��T ��s
�
j �T ��

This can also be veri�ed directly� since

	X
j��

���T � t��j

j#
e���T�t�s�	 � a�k�je�a�T � s�	 � a�ke�a�t�

Cf� ������ and ������� with ������ and �������� The di�erential equations
�����	� and their solutions ������� and ������� play here the same r�ole as equa�
tions ������� and their solutions ������� and ������� in a binary market� They
yield� in particular� the completeness of a Poisson market to be shown next�


�



Let W �T � be a wealth desired by an investor at the terminal date T � Sup�
pose that W �T � may occupy one of the states fwk�T �gk��������� There is� say
a certain function W so that W �T � � W �S��T �� and wk�T � � W �s�k�T ��� k �
�� 	� � � �� The de�nitions in Section ��� of the completeness and the hedging
strategy extend straightforwardly to the present situation� However� we present
anew the formulations� because of their importance�

Definition ��
�
� A Poisson market is complete if any desired wealth W �T �
of the above type is attainable with a certain initial endowment� there is a
self��nancing strategy 
 whose value process at the terminal date T attains the
identity V �T �
� �W �T �� The necessary initial endowment is then v � V ���
��
This particular strategy is called the hedging strategy against W �T ��

Similarly to proposition ����� in part I� we have

Proposition ��
��� A Poisson market is complete� The hedging strategy 

against a desired wealth W �T � of the above type is uniquely de�ned by the
portfolio components ������� and ������� with

�����
� �k�t� �

	X
j��

pj���T � t��
�	 � a� �wj�k�T �� �wj�k���T �

a

and

�����	�� �k�t� �

	X
j��

pj���T � t��
�wj�k���T �� �wj�k�T �

a�s�k�t�
�

where f �wk�T �gk�������� are the discounted states of the wealthW �T �
 i�e� �wk�T � �
wk�T �
B��T � � The initial endowment needed amounts to

�����		� v �

	X
j��

pj��T � �wj�T ��

Proof� Let t � �Tk� Tk���� By de�nition �����	� the discounted value process
for the present strategy 
 is in state

�v�k�t�
� � �k�t� � �k�t��s
�
k�t�

which by �����
� and �����	�� coincides with

�����	�� �wk�t� �

	X
j��

pj���T � t�� �wk�j �T ��

By proposition ������ �����	�� solves the di�erential equation �����	� subject to

the boundary condition ������� with �wk�T � instead of �hk�T �� Then by propo�
sition ����� the present strategy is self��nancing� Moreover� at the terminal


�



date T its value process attains the desired wealth W �T �� Thus 
 is the hedg�
ing strategy against W �T �� Since f �wk�T �gk�������� in �����	�� are arbitrary� the
Poisson market is complete� Finally� �����		� is an easy consequence of �����	���

�

The application of proposition ����� to option pricing is streightforward� Let

H�T � � H�S��T ��

be a payo� function of a contingent claim� with possible states fhj�T �gj��������

where
hj�T � � H�s�j �T ���

According to �����		�� the fair price of the contingent claim H is

�����	�� C�H� �

	X
j��

pj��T ��hj�T �

with �hj�T � �
hj�T �
B��T � � In the special case of the European call option

�����	�� hj�T � � �s
�
j �T ��K��

�with a certain exercise price K� cf� �����		��� we have

Proposition ��
�� For a nonnegative integer j� denote

�����	�� F �j���� �
X
j�j�

pj����

cf� �������� Then the fair price C of the European call option with the payo�
function �����	�� may be presented as follows	

�����	��

C � sF
�h

log K
s �bT

log���a�

i
� �	 � a��T

�

�e�rTKF
�h

log K
s �bT

log���a�

i
��T

�

Proof� By �����	�� and �����	��

�����	� C �

	X
j��

pj��T ���s
�
j �T �� �K��

where �K � e�rTK� as usual� Therefore� by ������� and ���	�
�

�����	�� C � e��T
	X
j��

��T �j

j#
�s�	 � a�je�a�T � �K���


�



Obviously� the terms with

j � j� �


log K

s � bT

log�	 � a�

�

equal zero so that �����	�� reduces to

C � e��T
X
j�j�

��T �j

j#
�s�	 � a�je�a�T � �K�

which yields �����	�� by de�nition �����	��� �

Remark ��
��� Formula �����	� is often called the Cox and Ross option
pricing formula �see e�g� Cox and Ross �	
�� or Harrison and Pliska
�	
�	�� Section ���� cf� also Cox� Ross and Rubinstein �	

� and Cox
and Rubinstein �	
����� Its probabilistic interpretation is as follows� the
right hand side is the expectation with respect to the Poisson distribution
P�T of a random variable taking on the value �s�j �T � �K�� with probability
pj��T �� j � �� 	� � � �� In its speci�c form �����	��� this formula is comparable
with the well�known Black�Sholes formula for the geometric Brownian motion
model� see Black�Sholes �	
��� Harrison and Pliska �	
�	�� formula
�	���� or Karatzas and Shreve �	
���� Section ����

� On the Poisson approximation

���� Approximation of the assets

In the present Section the link is sought between the binary model of Section
� and the Poisson model of Section �� By using certain heuristic arguments we
show that under the conditions of Section ��	 the Poisson model can serve as
an approximation to the binary model� This is already visible by the simple
comparison of equations �������� and �����	�� �or �������� and �����		��� for the
right hand side of �������� may be viewed as a prelimiting version of that of
�����	���
The limiting transition is carried out by letting the number of trading pe�

riods N to increase unboundedly and letting the lenght of each trading period
�tn � tn � tn�� to tend to zero for n � 	� � � � � N � Furthermore� we restrict
our attention to the special case of markets where new prices are announced
regularly so that trading times are equidistant� given by

���	�	�

�
tn �

nT

N

�
n���������N

�

and the lenghts of the trading periods are all given by

���	���

�
�tn �

T

N

�
n�������N

�


�



For� asymptotically� this makes no di�erence �in fact one can proceed without
this speci�cation� however at the expense of some details which we want to avoid
here�� At the same time� the formulations are somewhat simpli�ed� Instead of
���	�	� and ���	���� for instance� we may write

BN �t� � BN
�tN	T �

and
SN �t� � SN�tN	T ��

As usual� �x� is the largest integer not exceeding x�
Concerning the bond� the situation is simple� since condition ��	�	 means

that at each �xed t � ��� T �

BN �t� 
 B��t��

as we have already seen� cf� ���	�		� and ���	����
As for a risky asset� the stock� the desired statement that at each �xed

t � ��� T �
SN �t� 
 S��t�

concerns the trajectories of the processes on the both sides� The idea behind
it is quite simple� as will be explained below� Its exact formulation� however�
would require probabilistic considerations that lay beyond the scope of the
present paper �we intend to return to this subject in a latter part of these
lecture notes��
At �xed t � ��� T �

���	��� SN �t� � s

� tNT �Y
n��

�	 � �RN
n �

�cf� ���	�	��� may occupy one of the ��
tN
T � states� i�e� up to time t the stock

price may evolve along one of ��
tN
T � trajectories� The states of the returns

�RN
n in ���	���� given by ���	�	��� are under condition ��	�� approximated by

���	�	�� with the right hand side independent of the index k� Therefore all
trajectories of the stock price up to time t � ��� T � formed by the same number�
say j � f�� 	� � � � �

�
tN
T

�
g� of upward displacements �and

�
tN
T

�
� j downward

displacements�� get the same approximation equal

���	��� s�	 � a�j
�
	�

bT

N

�� tNT ��j
�

due to ���	���� The latter expression tends to s�j �t� �cf� ���	���� since for �xed
j � � and t � ��� T �

lim
N
	

�
	�

bT

N

�� tNT ��j
� lim

N
	

�
	�

bT

N

� tN
T

� e�bt�


�



As N � � the index j in ���	��� may take on any nonnegative integer value�
so that the approximate states are indeed fs�j �t�gj���������

���� Approximate option pricing

According to lemma ����� for each n � 	� � � � � N the risk neutral probabilities
fpNkngk�������
n are approximated independently of the indices k and n by

�����	� pN
k�n 

�T

N

and

������� pN
k���n 
 	�
�T

N

�cf� �����	
� and ���	����� This allows for the approximation of the probabilities
fPN

kNgk�������
N de�ned by �������� Recall that each value of the index k corre�
sponds to a certain trajectory of the stock price development� Let us pick out
any index k which belongs to the set of indices corresponding to the set of all
trajectories formed by j upward and N � j downward displacements� Clearly�
their number equals

�
N
j

�
� By ���	��� in all these

�
N
j

�
cases we have the same

approximation
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We shall apply ������� to the option pricing formula �����	��� Taking into
consideration the approximation of Section ��	 to the stock price� we obtain
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The expression on the right hand side may be simpli�ed� since for each �xed
integer j � �
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as N ��� The limit is pj��T �� cf� �������� Thus ������� yields
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���� Approximate hedging strategy

In this Section the heuristic arguments of the previous Sections ��	 and ���
are applied to the hedging strategy against the European call option� The
construction of this strategy is based on the formula �����	�� with

�����	� �wN
k �T � �

�sNk �T ��K��

BN �T �
�

We already know from Section ��	 how to approximate the states �����	�� The
set of weights in formula �����	��

�������
n
PN
NjN�n��

n�k � 	� � 	�� � � � � PN
NjN�n��

nk�
o

has to be approximated as well� for all k � f	� � � � � �N�ng� By arguments similar
to that of the previous Section� the approximation is free of the index k� Indeed�
all entries in the subset of ������� corresponding to the subset of the trajectories
formed by j upward and n� j downward displacements� j � f�� 	� � � � � ng� are
approximated by the same number�

�T

N

�j �
	�

�T

N

�n�j
�

due to �����	�� �����	� and �������� For each j � f�� 	� � � � � ng this subset consists
of
�
n
j

�
entries� Consequently� the process �WN of Section ��� occupies at time

t � ��� T � one of the states f �wN
k��tN	T �gk�������
�tN�T � approximated as follows�
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with �wN
j �T � given by �����	�� The expression on the right hand side may be

simpli�ed by the following considerations� Firstly� by the results of section ��	
and by �����	�

������� �wN
j �T � 
 �wj�T �

with
�wj�T � � ��s

�
j �T �� �K���

Secondly� for each integer j � � and t � ��� T �
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as N ��� Finally�
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In view of �������� the equations ������� � ������� result in

������ �wN
k��tN	T � 
 �wk�t�

where

�wk�t� �

	X
j��

pj���T � t�� �wk�j �T �

�cf� �����	���� Thus we have derived the relation ������ between the states
of the processes �WN and �W which yield the value processes for the hedging
strategies against the European call option in the prelimiting binary market of
Section � and the Poisson market of Section �� respectively�
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